Gi#i thiéu ky thuat Two Pointers (Hai con
tro)

Two Pointers |3 k§ thuat s dung hai bién (thudng la Teft va right) dé duyét qua di liéu, cho phép giai
quyét hiéu qua cac bai toan tim kiém c&p phan t&, doan con hodc nhém phan tir théda man diéu kién nhéat dinh.

Khi &p dung dung, Two Pointers c6 thé téi uu dd phirc tap tir 0(nA2) xudng o(n) hodc o(n Tog n), d&c biét

trong cac bai c6 mang da sap xép hoac can xi ly doan lién tiép.

Bién thé Mb ta

Two Pointers cling chiéu left va right cung tién theo 1 huéng (Sliding Window)

Two Pointers déi dau left tw dau, right tw cubi, tién vao gitra

One-fixed One-moving M6t con tré ¢ dinh, con kia di chuyén dé tim diéu kién théa man

Cong thirc khung chuan
a) Two Pointers cung chiéu

Teft = 0
for right in range(n):
# Cap nhat trang thai
while (khong théa dieu kién):
Teft += 1
# X 1y dap an tai day

b) Two Pointers dé6i dau

left = 0
right = n -1
while Teft < right:
if (diéu kién dang):
# Xor 1y dap an
Teft += 1
else:
right -=1
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Danh sach luyén tap thém cung goi y

Bai tap Link Goi y ap dung
Subarray Sum Equals K LeetCode Sliding Window
Longest Subarray with Sum < K CSES Sliding Window
3Sum LeetCode Sép xép + Two Pointers
Count Number of Nice Subarrays LeetCode Two Pointers co gidn cra sb

@ Meo: Hay doc ky d& dé nhan dién xem bai yéu cau "cap" hay "doan con", va di liéu c6 dugc sap xép
hay khéng!

Cac 16i sai hoc sinh thuong gap

¢ Khdng thu hep ctra s6 dung lic, dan téi bé sot dap an.
e Nham diéu kién dirng trong while khi sliding window.
e Sai chi sé: khi dé bai yéu cau tra vé chi sé bat dau ti 1 thay vi 0.

e Quén xét truéng hop géc: mang rong, khong co dap an,...

Cau héi on tap nhanh

e Khi nao nén ap dung Two Pointers déi dau?
e Sliding Window la bién thé cta Two Pointers nhu thé nao?

e Lam sao dé nhan biét bai can téi uu tir O(n2) xubng O(n)?

& Hoc kj thuat Two Pointers khong chi dé giai bai nhanh hon, ma con dé phat trién tu duy téi uu hoa bai
toan ngay tir lic doc dé! g7

Bai mau 1: Two Sum Il - Input Array is
Sorted

Link bai géc: LeetCode - Two Sum ||

1. be bai (dich tieng Viét)
Ban dugc cho mdt mang cac sé nguyén da sap xép theo thw tw tang dan va mot sé nguyén target .
Yéu cau: Tim hai sé trong mang c6 tong ding bang target va tra vé chi sé cia chung (luu y: chi sé tinh tiv 1).

Gia str rang méi input c6 chinh xac mét cap dap an.
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Input

e numbers - Mang sé nguyén, d3 duoc sap xép tang dan.

e target - S6 nguyén muc tiéu.

Output

e M6t mang gbm hai sé nguyén [index1, index2] (v&i indexl < index2), 1a chi sé cGa hai phan td théa
man.

Rang budc

e 2 <= numbers.length <= 3 * 10A4
e -1000 <= numbers[i] <= 1000
o -10A9 <= target <= 10A9

e Ludn cé dang moét cap sé théa man yéu cau.

Vidu
Vidu 1:

Input: numbers = [2,7,11,15], target = 9
Output: [1,2]
Giai thich:2+7=9.

Vidu 2:

Input: numbers = [2,3,4], target = 6
Output: [1,3]
Gidi thich: 2 +4 =6.

2. Goi y tu’ duy
a) Cach Brute-force

e Duyéttatcadcaccap (i, j) voii < 3.
e Kiém tra néu numbers[i] + numbers[j] == target.
e Tra két qua khi tim duoc.

8 Do phirc tap thoi gian: O(n2) — Khdng hiéu qua véi mang lon.
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b) Cach toi wu bang Two Pointers

e Do mang da sap xép, ta 4p dung hai con tré doéi dau:
o Teft =0, right =n-1

e Tai méi buéc:
o Néutdng nhé hon target: can tdnglén hon — left += 1
o Néutdng lén hon target : can tbng nhé hon — right -= 1

o Néu tdng dung bang target : trd chisd [left+1l, right+1]

¢ Po phurc tap thei gian: O(n) — Rét tbi uu.

3. Code mau C++

#include <vector>

using namespace std;

vector<int> twoSum(vector<int>& numbers, int target) {
int Teft = 0, right = numbers.size() - 1;
while (left < right) {
int current_sum = numbers[Teft] + numbers[right];
if (current_sum == target) {
return {left + 1, right + 1}; // chi sé bat dau tv 1
} else if (current_sum < target) {
++left;
} else {
--right;

}

return {}; // khong can thiét vi ludn tén tai dap an

& Ghi nho: Khi div liéu da sap xép, luon kiém tra xem c6 thé ap dung hai con tré déi dau dé téi vu hoa
bai toan hay khéng!

Bai mau 2: Subarray Sum

Link bai géc: CSES - Subarray Sum

1. B2 bai (dich tiéng Viét)
Ban dugc cho mét mang sé nguyén duong gdm n phan ti va mét sé nguyén x.

Yéu cau: Dém sé lugng doan con lién tiép trong mang c6 tong bang x.
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Input

e Dong dau tién: hai sé nguyén n va x (1<n<2-10%5 1<x<10°.

e Dong th hai: n sé nguyén duong (mdi sé khéng vuot qua 10°).

Output

e Mot sb6 nguyén: sé lugng doan con c6 téng dung bang x .

Vidu
Input:

57
24127

Output:

Giai thich: Hai doan [2,4,1] va [7] c6téng bang 7.

2. Goi y tu duy

a) Cach Brute-force
e Duyét tat ca cac doan [i, j1,tinhtdng cac phan ti.
e Néu téng dung bang x thi tang két qua.

& Do phtrc tap: O(n2) — khong kha thivéi n lon.

b) Cach téi wu bang Two Pointers

e Clrasoétruot [left, right]:
o Néuténg nhé hon x, m& réng right.
o Néutdnglénhon x, co Teft.
o Néu téng dung bang x, tang két qua.

¢) Bo phurc tap: O(n)

3. Code mau C++

#include <iostream>
#include <vector>
using namespace std;
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int main() {
int n;
Tong Tong x;
cin >> n >> Xx;
vector<long long> a(n);
for (int i = 0; i < n; ++1) {
cin >> a[i];
}
int left = 0;
Tong Tong sum = 0, result = 0;
for (int right = 0; right < n; ++right) {
sum += a[right];
whiTle (sum > x) {
sum -= a[left++];
}
if (sum == X) result++;
}

cout << result << endl;

8 K§ thuat sliding window thyc chat [a mot bién thé clia two pointers cing chiéu, rat hiéu qua khi cac
phan t&r déu khong am!

Bai mau 3: Longest Subarray with Sum < K

Link bai géc: CSES - Subarray Divisibility (bién thé tuong tw)

(Chd thich: Bai Subarray Divisibility cda CSES tuong tw bai tim doan con théa man diéu kién téng véi rang budc.)

1. D& bai (dich tiéng Viét)
Cho mét mang gdm n sé nguyén khéng am va mét sé nguyén k.

Yéu cau: Tim dé dai I&n nhat ciia mot doan con lién tiép sao cho téng cac phan tir trong doan khdng vuot
qua k.

Input

e DoONg dau tién: hai sé nguyén n va k (1sn<10° 1<k<10°.

e DONngth hai: n sb nguyén (méi sé khéng am va < 10¢).

Output

e M6t s6 nguyén: do dai lén nhat cia doan théa man diéu kién.
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Vidu
Input:

57
21513

Output:

Giai thich: Doan [2,1,5] khéng théa man vi tdng > 7, nhung [5,1,3] tdng = 9 khéng dugc. Poan [2,1,5]
hoac [1,5,1] téng 8 hoac 7 déu chap nhan, chon dai nhat Ia 3.

2. Goi y tu duy
a) Cach Brute-force

e Duyét tat ca cac doan [i, j1,tinh tdng ting doan.

e Néu tong < k, cap nhat doé dai lén nhét.

8 Do phtrc tap: O(n2) — khong kha thivéi n lon.

b) Cach téi wu bang Two Pointers (Sliding Window)

e Gictrasbd [left, right] sao choténgtrongcrasd< k.
e Khiténg vuot qua k, co Teft.
e (Cap nhat két qua trong qua trinh.

¢) Bo phurc tap: O(n)

3. Code mau C++

#include <iostream>
#include <vector>
using namespace std;

int main() {
int n;
Tong long k;
cin >> n >> k;
vector<int> a(n);
for CGint i = 0; i < n; ++1) {
cin >> al[il;
}
int left = 0, max_len = 0;
Tong long sum = O;
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for (int right = 0; right < n; ++right) {
sum += a[right];
while (sum > k) {
sum -= al[left++];

}

max_len = max(max_len, right - Teft + 1);

}

cout << max_len << endl;

&8 Sliding Window gitip ta luén git» mét doan théa man diéu kién tdng lién tiép ma khong phai tinh téng

lai tir dau!

Danh sach bai tap luyén tap thém

1. Two Sum Il - Input Array Is Sorted (LeetCode)

e MB® ta: Tim hai phan t& trong mang da sép xép sao cho téng dung bang target .

e Goiy: Two pointers déi dau (Teft, right)di chuyén tly theo téng.

2. 3Sum (LeetCode)

e M5 ta: Tim tét ca bd ba sé co6 tdng bang 0, khong trung 1&p.

e Goiy: Sap xép mang, fix mét phan t&, two pointers tim bd ddi con lai.

3. Container With Most Water (LeetCode)

e M6 ta: Tim hai cot nuéc tao container I&n nhét.

e Goi y: Two pointers déi dau, tién con tré thap hon.

4. Longest Subarray with Sum < K (CSES)

e M5 ta: Poan con dai nhat c6 tbng < k.

e Goi y: Sliding Window, co gian ctra sé.

5. Subarray Sum (CSES)

e M5 ta: Dém sé doan con téng dung bang x .

¢ Goi y: Sliding Window khi phan ti khong am.
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6. Minimum Size Subarray Sum (LeetCode)

e M5 ta: Tim doan con ngén nhét c6 tbng = target.

e Goiy: Co gidn clra sb khi du diéu kién.

7. Count Number of Nice Subarrays (LeetCode)

e M& ta: Dém doan con chira ding k sé 1é.

e Goi y: Two pointers + dém sé lugng doan hop é.

8. Maximum Erasure Value (LeetCode)

e M5 ta: Tong gia tri l&n nhat cta doan khéng trung phan td.

¢ Goi y: Two pointers + set theo d&i phan te.

9. Boats to Save People (LeetCode)

o MB® ta: Téi thiéu sb thuyén can dung dé ché hét ngudi.

e Goi y: Sap xép + two pointers ghép ngudi nhe va nang.

10. Two Sum Less Than K (LeetCode)

e M5 ta: Tim tdng hai sé Ién nhat nhé hon k.

e Goi y: Two pointers déi dau chon cap téi uu.

& Luyén tap da dang cac dang bai Two Pointers gitp hoc sinh thanh thao tu duy téi uu hoa trén day sé
va doan con! &7
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